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Abstract

Studying matrix multiplication

Initial code

for (i = 0; i < n; i += 1) {

for (j = 0; j < n; j += 1) {

for (k = 0; k < n; k += 1) {

c[i][j] += a[i][k] * b[k][j]; /* u1=2 */

/* w1=0 w2=1/m w3=1 */

} } }

First try

for (i = 0; i < n; i += 1) {

for (j = 0; j < n; j += 1) {

for (k = 0; k < n; k += 2) {

c[i][j] += a[i][k + 0] * b[k + 0][j]; /* u1=2 */

/* w1=0 w2=1/m w3=1 */

c[i][j] += a[i][k + 1] * b[k + 1][j]; /* u2=2 */

/* w4=0 w5=1/m w6=1 */

} } }

Unrolled j

for (i = 0; i < n; i += 1) {

for (j = 0; j < n; j += 2) {

for (k = 0; k < n; k += 1) {

c[i][j + 0] += a[i][k] * b[k][j + 0]; /* u1=2 */

/* w1=0 w2=1/m w3=1 */

c[i][j + 1] += a[i][k] * b[k][j + 1]; /* u2=2 */

/* w4=0 w5=0 w6=1/m */

} } }

Unrolled i, j

for (i = 0; i < n; i += 2) {

for (j = 0; j < n; j += 2) {

for (k = 0; k < n; k += 1) {

c[i + 0][j + 0] += a[i + 0][k] * b[k][j + 0]; /* u1=2 */

/* w1=0 w2=1/m w3=1 */

c[i + 0][j + 1] += a[i + 0][k] * b[k][j + 1]; /* u2=2 */

/* w4=0 w5=0 w6=1/m */

c[i + 1][j + 0] += a[i + 1][k] * b[k][j + 0]; /* u3=2 */

/* w7=0 w8=1/m w9=0 */

c[i + 1][j + 1] += a[i + 1][k] * b[k][j + 1]; /* u4=2 */

/* wa=0 wb=0 wc=0 */

} } }

Unrolled j, different alignment situations

b[k][j+0]

b[k][j+0]

b[k][j+0]

b[k][j+0]

cache line

b[k][j+1]

b[k][j+1]
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total:     w3  =4/4,  w6  =1/4

case 1:  w31=1/4,  w61=0/4

case 2:  w32=1/4,  w62=0/4

case 3:  w33=1/4,  w63=0/4

case 4:  w34=1/4,  w64=1/4

A level-2 example

for (j0 = 0; j0 < j1; j0++)

f0 += *(p0 + j0) * *(p1 + ((j2 - j0) * j0 >> 1));

for (j3 = 0; j3 < j4; j3++) {

f0 += *(p2 + j3) * *(p3 + ((j5 - j3) * j3 >> 1) + 0);

f1 += *(p2 + j3) * *(p3 + ((j5 - j3) * j3 >> 1) + 1);

f2 += *(p2 + j3) * *(p3 + ((j5 - j3) * j3 >> 1) + 2);

f3 += *(p2 + j3) * *(p3 + ((j5 - j3) * j3 >> 1) + 3);

f4 += *(p2 + j3) * *(p3 + ((j5 - j3) * j3 >> 1) + 4);

f5 += *(p2 + j3) * *(p3 + ((j5 - j3) * j3 >> 1) + 5);

f6 += *(p2 + j3) * *(p3 + ((j5 - j3) * j3 >> 1) + 6);

f7 += *(p2 + j3) * *(p3 + ((j5 - j3) * j3 >> 1) + 7);

}

Merit function to control code transformations

f =
< # user operations >

< # drawn primary cache lines >

Level-3 type performance on
195-MHz Origin2000
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for(j=0;j<n;j++)                    
for(i=0;i<n;i++){                   
w[j][i]=a1[i][j];                   
for(k=0;k<i;k++)                    
w[j][i]-=w[j][k]*h[i+(2*n-1-k)*k/2];
a2[i][j]=w[j][i]*d[i];}             

A level-3 example

for (j6 = 0; j6 < j7; j6++) {

f0 += *(p4 + n * 0 + j6) * *(p5 + ((j8 - j6) * j6 >> 1) + 0);

f1 += *(p4 + n * 1 + j6) * *(p5 + ((j8 - j6) * j6 >> 1) + 0);

f2 += *(p4 + n * 2 + j6) * *(p5 + ((j8 - j6) * j6 >> 1) + 0);

f3 += *(p4 + n * 3 + j6) * *(p5 + ((j8 - j6) * j6 >> 1) + 0);

f4 += *(p4 + n * 0 + j6) * *(p5 + ((j8 - j6) * j6 >> 1) + 1);

f5 += *(p4 + n * 1 + j6) * *(p5 + ((j8 - j6) * j6 >> 1) + 1);

f6 += *(p4 + n * 2 + j6) * *(p5 + ((j8 - j6) * j6 >> 1) + 1);

f7 += *(p4 + n * 3 + j6) * *(p5 + ((j8 - j6) * j6 >> 1) + 1);

f8 += *(p4 + n * 0 + j6) * *(p5 + ((j8 - j6) * j6 >> 1) + 2);

f9 += *(p4 + n * 1 + j6) * *(p5 + ((j8 - j6) * j6 >> 1) + 2);

fa += *(p4 + n * 2 + j6) * *(p5 + ((j8 - j6) * j6 >> 1) + 2);

fb += *(p4 + n * 3 + j6) * *(p5 + ((j8 - j6) * j6 >> 1) + 2);

fc += *(p4 + n * 0 + j6) * *(p5 + ((j8 - j6) * j6 >> 1) + 3);

fd += *(p4 + n * 1 + j6) * *(p5 + ((j8 - j6) * j6 >> 1) + 3);

fe += *(p4 + n * 2 + j6) * *(p5 + ((j8 - j6) * j6 >> 1) + 3);

ff += *(p4 + n * 3 + j6) * *(p5 + ((j8 - j6) * j6 >> 1) + 3);

}

for (j0 = 0; j0 < j1; j0++)

f0 += *(p0 + j0) * *(p1 + ((j2 - j0) * j0 >> 1));

inner loop
after optimization,
theoretical
acceleration 7.27
(m=4, q=4)

initial inner loop

initial inner loop

inner loop
after optimization,
theoretical
acceleration 3.33
(m=4, q=8)

Level-2 type performance on
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for(i=0;i<n;i++){             
w[i]=x[i];                    
for(k=0;k<i;k++)              
w[i]-=w[k]*h[i+(2*n-1-k)*k/2];
y[i]=w[i]*d[i];}              

... unroll factorq

f =
2m

m+ 1

f =
2m

m+ 1

f =
2 qm

m+ q

f =
2 q2m

m+ 2 q � 1

... # of operands
per cache line

m

While parallelization has made important progress during the last few years, the sequential
performance relatively stagnates, although we have taken the 1 GHz hurdle. Moreover,
we have to put tens of processors into action to be competitive with vector machines.
Once an application is analyzed by means of performance tools like Vampir, the user is
typically faced with some loops which consume most of the CPU time. To improve loop
performance, the present paper assumes that it is just enough in many cases to apply a
generalized blocking technique with respect to the size of one primary cache line, or two of
them occasionally. Its primary goal is to maximize the number of user operations divided
by the expected value for the number of drawn primary cache lines. Another experience
is that the inner loop body has to be well-stu�ed and has to have as little memory write
accesses as possible. More than 50 Fortran/C example loops have been investigated so
far, and essential results are presented. The performance in speed correlates with results
which we have seen for routines in the BLAS libraries on di�erent platforms. Finally,
because of its clear goals, this procedure can also easily be taught.

Level-2 type performance on
T3E-600 with streams off

0 100 200 300 400 500 600 700 800
0

10

20

30

40

50

Dimension

M
F

L
O

P
S

ratbert, Jan 14 23:16:04 1999

C
Advanced
FORTRAN

BLAS

for(i=0;i<n;i++){             
w[i]=x[i];                    
for(k=0;k<i;k++)              
w[i]-=w[k]*h[i+(2*n-1-k)*k/2];
y[i]=w[i]*d[i];}              

Level-3 type performance on
T3E-600 with streams off
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for(j=0;j<n;j++)                    
for(i=0;i<n;i++){                   
w[j][i]=a1[i][j];                   
for(k=0;k<i;k++)                    
w[j][i]-=w[j][k]*h[i+(2*n-1-k)*k/2];
a2[i][j]=w[j][i]*d[i];}             


